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Abstract 

The accuracy of compound Poisson approximation to the sum S = WiSi +W2S2 + • • ■ + u>at«S , at 
is estimated. Here Si are sums of independent or weakly dependent random variables, and Wi 
denote weights. The overall smoothing effect of S on WiSi is estimated by Levy concentration 
function. 
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1 Introduction 



Let us consider typical cluster sampling design: the entire population consists of different clusters, 
and the probability for each cluster to be selected into the sample is known. The sum of sample 
elements then is equal to S = w\Si + w 2 S 2 + • • • + wj^Sn = wi(Xn + Xi 2 + • • • + X\ ni ) + 
• • • + wn(Xni + Xn2 + ••• X]^ nN ). Here Wi denote weights, which are inversely proportional to 
probabilities to be selected into sample. 

We explain motivating idea of this paper by considering simple example, when N = 2 and 
w\ = W2 = 1. We want to estimate d(S\ + S 2 ,Zi + Z2), where d(-,-) denotes some probabilistic 
metric. The majority of metrics allows the following simplification 

+ S 2 , Z 1 + Z 2 ) < d{S 1 + S 2 , Z x + S 2 ) + d{Z x + S 2 , Z 1 + Z 2 ) s; d{S u Z x ) + d(S 2 , Z 2 ). (1) 

Such approach is reasonable only if both final estimates are of similar order. Otherwise, by ne- 
glecting S2, we can significantly worsen the overall estimate of the accuracy of approximation. For 
example, let S\ have just few summands and d{Si,Z\) = 0(1). Let S2 have a large number of 
summands. Then, neither S\ + S2 nor Z\ + S 2 differ much from S2 and, it is natural to expect 
d(S± + S2, Z\ + S2) to be small. If this is the case, we say that 52 has smoothing effect on S±. Our 
aim is investigation of such smoothing effects. 

Weighting can radically change the structural properties of S. For example, even if all Si are 
lattice, the sum S is not necessarily lattice random variable. Therefore, the standard approaches 
(Tsaregradski's inequality, Stein's method) are inapplicable. 

We introduce necessary notation. Let T (resp. M.) denote the set of probability distributions 
(resp. finite signed measures) on R. The Dirac measure concentrated at a is denoted by I a , I = Iq. 
All products and powers of finite signed measures W G M are defined in the convolution sense, and 
W° = I. The exponential of W is the finite signed measure defined by exp{H^} = J2m=o W m /ml. 
We denote by W(t) the Fourier-Stieltjes transform ofW^M. 

The Kolmogorov (uniform) norm || W \\k and the total variation norm || W \\ of W G A4 are 
defined by 

|| W \\ K = sup |W((-oo, x])|, || W || = W + {R} + W-{R}, 
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respectively. Here W = W + — W is the Jordan-Harm decomposition of W. Note that || W \\k sS 
II W ||, || WV || K < || W || • || V \\k- Iff G J, then || F ||# = || F || = 1. For F G J, /i > Levy's 
concentration function is defined by 

Q(F, h) =supF{[x,x + h}}. 

X 

All absolute positive constants are denoted by the same symbol C. Sometimes we supply C 
with indices. We also assume usual convention Y^j= a = ano - ^j=a = 1, if & < a. 



2 Known results 



As a rule, the limi ting behavior of weighted sums is investigated with the emphasis on weights, for 

20j and the references therein. In our paper, emphasis is on the structure 



example, see [121 ]. [171 ] . 
of random variables. 

Let us assume that all distributions have finite thee absolute moments. Then the Berry-Esseen 
theorem can be used: 



i=l 



En 



(2) 



Here (3^ and af are the third absolute moment and variance of Fi, respectively. In many cases, the 
accuracy in ([2]) is of the order O^" 1 ^ 2 ). However, this is not the case when random variables form 
triangular array and are close to zero. 

n 

Hipp [ldl ] considered smoothing effect in general case of nonnegative random variables with 
some probability mass at zero. Here we present one improvement of Hipp's result by Roos, which 
follows from the more g 
Pi < 1, then 



n n 2 n 1 

[] ((1 - Pl )I + p l B i ) - exp{ J>(A - J)} I < Y^QiH, m). 

i=l i=l i=l Pl 



(3) 



Here fa = J xdBi(x) and H = exp|^™ =1 pj(l —pi)(Bi —I)/2\ . The smoothing effect is estimated 
by Q(H,fa). Note that estimate without smoothing effect is equal to Cmin(^"p?, maxj^j), see 
Theorem 2.1, p. 97 in jl|. 
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Apart from the accompanying compound Poisson distribution as in ([3]) we consider the second 
order (signed) compound Poisson approximations, such as 



n 

exp{j] (p t (B t -I)- tf(Bi - if/2 



i=l 



16j. For similar approximations see 



Analogues of (El) have been obtained for this approximation in 

q n n 

[2], [3], [15], and the references therein. 

Note that lower bound estimates of compound Poisson approximation to weighted sums have 
been investigated in [5]. 



3 Results 

1. Sums of 1-dependent random variables. First we consider the case, when random variables 
are non-identically distributed, that is, S = w\S\ + W2S2 + • • • + w^Sn and 

S m = S ^X mi , m = l,...,N. 

i=l 

We assume that S m and Sj are independent when m 7^ j. On the other hand, we allow weak 
dependence of variables in each sum. Let X m i,X m 2, . . . ,X mnm be 1-dependent. We recall that 
the sequence of random variables {Xj}j>i is called fc-dependent if, for 1 < s < t < 00, t — s > m, 
the sigma algebras generated by X\, . . . ,X S and X t ,X t+ i . . . are independent. Though further on 
we consider 1-dependent variables, it is clear that, by grouping consecutive summands, the sum of 
/^-dependent variables can be reduced to the sum of 1-dependent ones. 

We consider the case when all X m k are concentrated at 0, 1, 2 ... . Factorial moments of X m k 
are defined by 

u^ m \k) = EX mk (X mk -!)■■■ (X mk - j + 1), j = 1,2,..., m = l,...,N, k = l,...,n m . 
Let 

r m l = ^4 m \k), T m2 = -5>2 m) (*0 - (v[ m \k)) 2 } +^Cov(A mjfc _ 1 , Xmk). 
fc=l fc=l k=2 
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The distribution of w m S m we denote by F m . Next we define approximating measures: 

N N 

II m = exp{T ml (I Wm - I)}, n = Il m = expj E Y m x(I Wm - I) j, 

m=l m=l 
N 

G m = exp{T m i(I Wm - I) + r m2 (I u , m - I) 2 }, G = Y[ G m, 

m=l 

N 

Mi = exp{o.025 ^r ml (/ Wm + /_ Wm -2/)}. 

m=l 

Finally, we define remainder terms. Let E + (Yi, Y2) = EY1I2 + EY1EY2 and 

n 

fimO = ^{4 m) (^) + (^ m) W) 2 + EX mjfe _ 1 X mfc }, 

k=l 

n 



k=l 

+ [u{ m \k - 2) + u{ m) (k - 1) + u[ m \k)]EX m>k ^X mk 



+E + (X mi k_i(X m ^_i — l),X m k) +E + (X mi k_i,X m k(X m k — 1)) 
+EX m) fc_ 2 X„ lj fc_ 1 X m fc + ~EiX m ^_2^X m ^_iX m ^ 

+E + (X m ^-2, ^m,fe-l)EX m fc|. 

Theorem 3.1 lei, /orm = 1,2,..., TV; k = l,2,...,n m , ^ m) (A;) ^ 1/100, u^ m) (k) < ^ m) (A:), 



E4 m) (*o < Ei Cov (^-i' x ^)i < ( 4 ) 

Then, for any h > 0, 

11^ -n||* < C 2 Q(M 1) / i )E^o|-^min(l,r- 1 1 /2 )+min(l,rj- 1 )L 

m=l ' 



k=l k=2 



N , . 

F-G\\ K ^ ^(Mx,/!) E^mij^min^,^) +min(l,r- 3/2 ) I. 

m=l ' 



(5) 
(6) 



Remark 3.1 The choice of approximation in ^ is by no means restricted to G. For example, 
let T m 2 > 0. Then, taking into account Theorem 3.5 and corresponding Lemmas from , it is 



possible reformulate (0|) for the negative binomial approximation. 

As an application of Theorem 13.11 let us consider weighted sums of 2- runs. Two-runs statistic 
and its generalization fc-runs statistic are one of the best investigated cases of sums of weakly 

„ discrete ^ ^ a, a, a, a a md ». ^ Let 

-^mi = VmiVm,i+l, where r/ m j ~ Be(p m ), (i = 1, 2, . . . , n m + 1) are independent Bernoulli variables. 
Then SVn is the sum of 1-dependent Bernoulli random variables. It is known that, if n m 3, 
Pm ^ 1/5, then 

1 ml — n P m i 1 m2 — ~ > I hnl u n mP m , 

\\ F m — G m ||jr- ^ || F m — G m II ^ C ™_ , (7) 

\/ n m 

see [13]. Therefore, the standard application of the triangle inequality as in ([1]) leads to estimate 

N 

\\F-G\\ K ^CY J^=. (8) 

^— — ' . In.... 



m=l 



Let us assume that w m x C. If all p m are sufficiently small, then conditions of Theorem 13.11 are 
satisfied. Therefore, taking h = mmw m /2 in (|18p . we obtain 

|| F - G \\ K ^ CQ(M U h)Y,P 2 m ^ < ^ N m=lPm . (9) 

Estimate ([9]) can be much smaller than (JHj). If pi = p, then the smoothing effect is very obvious: 
\\F-G\\ K ^ . C ^ N)P — vs \\F-G\\ K <:C(N)p(-$= + ---+ 1 



•y/ni + n 2 H 1- nAr V\/™i 

Note that due to 1-dependence we can not apply ©. 

2. Sums of independent random variables satisfying Franken's condition. Theorem's 
13. II conditions can be relaxed if all random variables are independent. Let us consider typical case of 
clustered sample assuming that, in each sum, all random variables are independent and identically 
distributed. More precisely, let, for m = 1, 2, . . . , N, H m be concentrated on lattice 0, w m , 2w m , . . . , 
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that is, H m = p m0 I + PmiI Wm +Prrahwi + We denote jth factorial moment of H m by 



Vj{m) = ^2 k ( k - 1 )---(k-j + l)Pmk 



k=0 



and assume Franken's condition 



A m := vi(m) - v\(m) - v 2 (m) > 0. 



(10) 



Franken [9] proved that, if the main probabilistic mass of nonnegative integer- valued random vari- 
able is concentrated at zero and unity, then the distribution of sum of such variables can be ap- 
proximated by Poisson distribution quite accurately (see also III)- Franken's condition means that 
v\ (m) ^ 1 and v 2 {m) ^ v\(m). It is much weaker than Theorem's 13. II assumptions v\{m) ^ 1/100, 
v 2 {m) ^ v\{m) and @. 



Theorem 3.2 Let v^{m) < oo, n m G N and let condition t!0\) be satisfied, (m = 1,2, . . . , N). 
Then, for all h > 0, 



and 



II H %? " ex p{E n mMm)(l Wm -I)} \\ k ^ C 4 Q(M 2 ,h) 

n=l m=l 

N , 1 

x Y] n m (v 2 (m) + vf(m))< min ( 1, ) + 

I h v \M TO A m / 



nuMi.^Vl + ^U (11) 



A, 



fl BST - «p{ £ n m (, 1 (m)(/. m - I) + ^M^M ^ _ /)2 ) } 

m=l m=l 



A' 



V 



s$ C 5 Q(M 2 , /i) £ «roM"0 + v\{m)v 2 (m) + z^ 3 (m)] 



m=l 



i w i , 

x < — - min 1, 



+ min I 1, 



(n m A m ) 3/2 



1 + 



Here M 2 is symmetric distribution with M 2 



(t) = expj-^Hi^A; sin 2 (^/2)j. 



• (12) 



For any Bernoulli variable Franken's condition is satisfied. Therefore, assuming h = min m w m /2 
and applying (I18D . we obtain the following corollary. 
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Corollary 3.1 Let H m = (1 - p m )I + p m I Wm , w m X C, p m < C 6 < 1, m = 1, . . . , N. Then 

N N N _ l/2 N 

| II ~ eXP { ^2 n mPm{l Wj ~ I) } /( ^ C( min { nm Pm' \^Pm /2 }' ( 13 ) 

m=l m=l i=l m=l 

It is easy to check, that if N = n, rij = 1, then up to constant we get the classical estimate of 

/ n \-l/2 

Poisson approximation to the Poisson-binomial distribution with " magic factor" : C^iPmi *l2iPj) 
We also can use (|13p for comparison to various known estimates. Let, in Corollary 13. 1\ N = 2 
and n\p\ ^ 1, n 2 p 2 ^ 1- Then the estimates in (|2j), (|3j) and (fT3|) are of the order 



n\p{ + n 2 P2 Pi y/nxPi + P2 ^n 2 p 2 



yjnipi + n 2 p 2 ' y/nxpi + n 2 p 2 ' \/ n iPi + n 2 p 2 

respectively. Here we used (|18p for upper bound estimate in ([3]). It is easy to check, that the 
last estimate always has better order than the second one. Moreover, if p\ and p 2 tend to zero 
sufficiently fast, the last estimate is sharper than the Berry-Esseen estimate. 

3. Generalized Poisson-binomial distribution. We further relax assumptions on the 
structure of random variables and consider the case when all random variables are independent and 
have some probability mass at zero. The supports of random variables are unnecessary discrete 
and they might not have any finite absolute moment apart from the first one. We assume that 
random variables in each sum are identically distributed. In principle, we consider the case similar 
to the one considered in (|3|). However, we take an advantage of the fact that not all distributions 
are different. Let [i m \ = f R \x\B m {dx} and let ReB m {t) denote the real part of B m (t). 

Theorem 3.3 Let Bj € T , < pj ^ CV < 1, \i m \ < oo (j = 1, . . . , N). Then, for any h > 0, 
N N 

| ]~[ ((1 - p m )L + p m B m ) nm -expjy^ n m p m (B m - J)| 

m=l m=l 

< C 8 Q(M 3 ,h)J2^rnPl\^min(l,—^)+min(l,^—)\ (14) 

m —l I " V y n mPm J \ n mPm J ) 
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and 



H ((1 - p m )I + Pm B m ) n ™ - exp{ {n m p m (B m -I)- ^-p 2 jBm - I?) } 

7i=l m=l 

< C 9 «M3>)| i „„ A {^ mm (l.^) +mm ( 1 , I -^)}. (15 ) 



Here M3 is symmetric distribution with M$(t) = exp^YliLi 0.5njpj(l — pi)(ReBi(t) — 

Remark 3.2 (%) Though the accuracy of approximation is similar to that of previous Theorems, 
the structure of approximating Compound Poisson distribution is much more complicated. 

(ii) If, -B m {[0,oo)} = 1, fj, m i >c C, (to = 1,2,...,N) then by U8\) we can obtain estimate 
similar to Therefore, it is not difficult to construct examples similar to the ones, considered 

for the previous theorem, and demonstrating the effect of smoothing. 

(Hi) If nj = 1, N = n, then {1$ is a version of (G|) for B m {R} = 1. On the other hand, if all 
B m {[0,oo)} = 1, then |3|) is more accurate than 

4 Auxiliary results 

Further we need the following lemmas. 

Lemma 4.1 Let F, G G T , h > and a > 0. Then 



\ 2 

96 



95 



\t\^l/h 



Q(F,h) ^ — \ h / F(t) dt, (16) 



Q(F,h) ^ (l+(-) )Q(F,a), (17) 



a 



Q(exp{a(F -/)},/*) ^ - C (18) 

sJaF {\x\ > h} 

If, in addition, F(t) ^ 0, then 

h [ \F(t)\dt ^ CQ(F,h). (19) 

J\t\^l/h 
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Lemma 14.11 contains well-known properties of Levy's concentration function (see, for example, 
Chapter 2). 

For h G (0, oo) and a finite nonnegative measure G on M, set \G\h- = sup^gjj G{(x, x + h)}. 



Lemma 4.2 (\&]) Let W\, W 2 G M with W^R} = 0, and set W = W\ + W 2 . For y e [0, oo), let 

p(y) = min {\W+\ V -, \W~\y-}. 
Then, for arbitrary h G (0, oo) and r G (0, 1), we have 



[ 


W 2 (t) 


J\t\<l/h 


t 



W\\ K <^\\W 1 \\ + -^- 
2r 2tt r 



where rj(r) G (0, oo) is defined by the equation 

1 + r _ 2 sin 2 (:r) 

Lemma 4.3 ( l 



dt + ^^p(4ri(r)h), 



dx. 

2 7T Jo X 2 

For F G T, W G M with W{R} = 0, and <& G (0, oo), we have 
\(WF) + y_ < i|| W\\\F\^. 
From Lemmas 14.21 and 14.31 and (|16p and (|19p the following result follows 



(20) 



Lemma 4.4 Let h > 0, W G .M, M^jlR} = 0, P G T , M be distribution with nonnegative 
characteristic function and \P(t)\ ^ CM(t), for \t\ ^ \/h. Then 



WP\\k < C 



/ 

J|t|sCl//l 



W(*)p(t) 



dt + C||W||Q(P,/») 



^ C [ sup HM.i + 11^11 )Q(M,h). 



\t\^l/h 



\t\ h 



Proof. We apply Lemma |42] with Wi = 0, W = W 2 = WP, and r = 0.5. Then by ((TTJ) and 
(HI we have 

p(A V (r)h) ^ C\(WP) + U v(r)h ^ || W\\Q(P, 4rj(r)h) ^ C\\W \\Q(P,h). 
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Moreover, applying (fT6j) and (|T9j) . we prove that 



Q(P, h)^Ch [ \P(t)\ dt^Ch [ M(t) dt < CQ(M, h) 

J\t\4,l/h J\t\^l/h 



\t\^l/h 



and 



dt < ci/i / M (t) dt < \cQ(M, h). 
\^i/h h J\t\^i/h h 



I \H)\ 

J\t\^l/h 

This, obviously, completes the proof of Lemma. □ 



Lemma 4.5 Let M £ J 7 be concentrated on integers, ^/S=-oo |&-^{&}| < °°- Then, for all 7 > 
and v £ R, 



MVCI- + 



1 1 



Lemma l4,5l has been proved 



2 2tt7 
in Qj. 



7 \M(t)\ 2 + -\(M{t)e- itv )' 



dt. 



Lemma 4.6 Let conditions of Theorem \3.1\ be satisfied. Then, for all t Gi, m = 1, . . . , iV, 

|F m (t)|,|G m (t)|,|fl m (i)| < exp{-0.26r ml sin 2 (W2)}, 
\F m (t) - G m (t)\ < Ci? ml |z m (t m )| 3 ^ 6 , 

exp{ it m r m i 



2.6 

m 



I T rn (t)-U(t)\ < C^ m0 |z(t m )| 2 ^ 



2„/,2.6 
m ) 



exp{-ii m r m i}(F TO (t) - II m (i)) ) < CR m0 \z(t m )\i; m . 



(21) 
(22) 

(23) 
(24) 
(25) 



#ere t m = tw m , z(t m ) = e 1 *™ - 1, ip m = exp{-0.ir m i sin 2 (tw m /2)}. 

All estimates in Lemma 14.61 follow from Lemmas 7.4, 7.6, 7.7 and the proof of theorem 5.1 in [3]. 

5 Proofs 

As in previous Section z(t) = e 1 * — 1, t m = tw m , ip m = exp{— 0.ir m i sin 2 (tu> m /2)}. We use the 
notation 9 for all quantities satisfying \9\ ^ 1. 
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Proof of Theorem 13.11 By properties of the total variation norm 



F — G\ 



K 



N N N m-1 N 

n p m. - n g - K < z) II - n F; n g ' 

Z=l i=m+l 



m=l m=l m=l 

(F m - G m ) exp{-0.05r ml (/ Mm - /)} 



K 



K 



m-1 N 

exp{0.05r ml (/ Wm - /)} J] Fi JJ 

i=l Z=m+1 



A? 



Z II ^m^m Ik- 



m=l 



Note that exp{— 0.05r m i(/„, m — J)} is signed measure of finite variation. 
Applying (l2"T| we obtain 



N 



\Pm(t)\ ^C^ m \[tf- & <Mi(t). 



Similarly, from (|22p it follows that 



(26) 



|W(t)| < Ci? m i|z(t m )| 3 ^V™ < CRmMtm^w^t^ < Ci^imin^r-^^u^ltl. 



1.6 



-l^„/,0.5„ 



Here V>m = exp{— 0.ir m i sin 2 (iu> m /2)}. Applying Lemma H3] we obtain 



^ m P m \\k < CQ(Mi, /i)|i? m i min(l, T-i) ^ + || W m || J. 



(27) 



It remains to estimate || W m ||. Since, total variation norm is invariant to scale change, further 
we assume w m = 1, t m = i. Then, applying Lemma (|4.6p . we obtain 



exp{-0.9itr m i}W m (t) 



t? m (i)| < Ci2 m imin(l.r m ? /2 )^ ll 

v " ~ " / 1 



exp{-itr m i}(F m (t) - G m (t)) ) . exp{0.ir m i sin 2 (t/2)} 
+C\F m {t) - G m (t)\r ml \ sin(i/2)| exp{0.ir ml sin 2 (t/2)} 
< Ci2 m isin 2 (t/2)^ 5 (1 + r ml sin 2 (t/2)) < Ci? ml min(l, r^i)^, 



Taking into account the last two estimates and, applying Lemma [4.51 with 7 = max(l,v / L 



ml j 



12 



0.9r m i, we get 



W m \\ < CR ml mm{l,T m ^ 



3/2, 



Substituting the last estimate estimate into (127j) and (126D we complete the proof of ([6]) . The proof 
of (J5]) is very similar and, therefore, omitted. □ 

Proof of Theorem 13.21 The estimates are proved exactly by the same arguing as in the proof 
of Theorem 13.11 Let 



D m (t) 
V m {t) 



exp|i/i(ra)2(t m ) + (i^j(m) - u 2 (m)) — j^j ' 
[H%»(t) - D^(t)) exp{-0.5n m A m z(t m )}, 

m-1 iV 

exP {o.5A m (/ Wm -/)} n^ ni n 



z= m +i 



Then 



v 



v 



V 



J m if- 



(28) 

m=l m=l m=l 

Distribution i? m and approximation D m , for the case w m = 1, were investigated in numerous 
papers. Let 7*i(m) = i^(m) + ^i(m)^2( m ) + l/ 3( ?T1 )- Taking into account Lemmas 2 and 3 in [2] 



and proof of Theorem 3 in 



111 ] we can write the following expressions 



H m (t) = l + vi(m)z(tm) + 



^tz 2 (t m ) + eCv 3 (rn)\z(t m )\ 3 , 



f 2 (m) 



[Hm{t))' tm = 1 + ^(mX^tnO)' + ^^VM)' + ^ 3 (m)|z(t m )| 2 
|-Hm(*)| } |An(£)Uexp{i/i(m);z(i TO )}| < exp{-2A m sin 2 (t m /2)}, 

\H m (t) - exp{ui(m)z(t m )}\ < C(u 2 (m) + f 2 (m))|;z(f m )| 2 , 
|(-ff ro (i) - exp{z/i(m)2(i TO )})(J < C(u 2 (m) + ^ 2 (m))|z(t m )|, 
|^ m (t)-B m (t)| < Cn(m)|z(t m )| 3 , 



|(ff w (t)-5 m (t))' | < Cn(m)\z(t m )f 
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Therefore, \L m (t)\ < CM 2 (t), and 

\V m (t)\ < Cn m \H m (t) - D m (t)\ exp{n m A m sin 2 (i m /2) - 2(n m - l)A m sin 2 (t m /2)} 

< C exp{-n m A m sin 2 (t m /2)}ri(m)|z(t m )| 3 

< C exp{-0.5n m A m sin 2 (t m /2)}ri(m)min(l, (n m X m )~ 1 )w m \t\. 

Applying Lemma 14.41 we obtain 

|| VmLm \\k 

< CQ(M 2 ,h)< n m ri(m) min(l, (n m X m ) ^-rp + II V m || >. 



(29) 



It remains to estimate || V m ||. Total variation norm is invariant to scale change. Therefore, we 
can assume w m = 1, t m = t. For the sake of brevity we use the following notation omitting the 
dependence on t and m: 

oj = exp{— 0.5n m X m sin 2 (£/2)}, u\ = H(t) exp{— itvi(m)}, u 2 = D(t) exp{— nVi(m)}. 

Taking into account relations from above, we can write |t^(t)| ^ w 2 ri(m) min(l, (n m A m )~ 3 / 2 ) and 

|(y m (t)exp{-n m i/i(m)it + 0.5n m A m ii})'| = | (« m - u" m ) exp{0.5n m A m (l + it - ^)})'\ 
< n m \u\ m ~ X v! x - u^^u'^u' 2 + |ii" m - U2 m \0.5n m \ m \z(t)\uj' 2 

+ \u"l m - U2 m \0.5n m \ m \z(t)\uj~ 2 
^ n m \v! x - u' 2 \uj 2 + Cn 2 m (u 2 + vi)ri(m)\z(t)\ 4 u) 2 + Cn 2 n X m ri(m)\z(t)\ A uj 2 

^ Cn^imMt^u 1 - 5 ^ + n m [Mm) + X m ]\z(t)\ 2 uj - 5 ) 

, ( v\{ra)\ ( 1 
^ Gn m ri(m)u)[ 1 H min 1, ■ 



" m Aj 

Applying Lemma 1431 with 7 = max(l, \/n m X m ), v = n m vi(m) — 0.5n m A m , we get 

II V m || sC Cn m n{m) (1 + m in ( l, • (30) 

V A m y v {n m x m yi z j 
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Combining the last estimate with (|29|) and (|28p we complete the proof of (|12p . The proof of (jlll) 
is very similar and , therefore, omitted. □ 

Proof of Theorem 13.31 Similarly to the proof of previous Theorem we prove that 

N N N 

[J((l - p m )I + p m B m ) nm ~ exp{j^ p m (B m - /)} R ^Y1 \\ U mT m \\K- 



m=l m=l m=l 



Here 



U m (t) = [{(l-p m ) +p m Bm{t)) nm - exp{n mPm (B(t) - 1)}] 

x exp{0.5n m p m (l - p m )(l - B m (t))}, 

T m (t) = exp{0.5n m p m (l -p m )(B m (t) - 1)} 
m— 1 N 

x n^-^+Pi^wr* n ex p{w(^(*) - 1)}- 

j=l j=m+l 

Taking into account general estimate, |I? m (i) — 1| 2 ^ 2|i?eB m (i) — 1| we obtain: 

| exp{p m (B m (t) - 1)}| = exp{p m (/iei? m (i) - 1)}, 
| exp{p m {B m (t) - 1) - 0.5?4(B m (t) - 1) 2 }| < exp{p m (l - p m ){ReB m (t) - 1)}, 
|1 +Pm(B m (t) - 1) - exp{p m (B m (i) - 1)}| < Cp 2 m \B m (t) - 1| 2 ^ Cp 2 m \ReB m (t) - l^ 2 fx ml \t\, 
\l+ Pm (B m (t) - 1) - exp{ Pm (B m {t) - l)-Q.5p 2 m (B m (t) - 1) 2 }| ^ Cp 3 m \ReB m (t) - l\p m i\t\, 



N 



Consequently, 

\f m (t)\ ^ exp{0.5 n mPm {\ - Pm ){ReB m {t) - 1)} = M 3 (t), (31) 

m=l 

\U m (t)\ < Cn m |l +p m (5 m (t) - 1) - exp{p m (B m (t) - 1)}| exp{0.5p m (l - p m )(ReB m (t) - 1)} 

< Cn m p 2 n m x \t\ min ( 1, ) . (32 

V ^n m Pm J 

Moreover, due to the properties of total variation norm, 

II u m || ^ || ({I + p m (h - I))"" 71 - exp{n mPm (h - 7)}) exp{0.5n m p m (l - p m ){I - h)} ||. 
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Arguing similarly as in the proof of f|30[) we prove that 



|| U m || < Cn m p 2 m min (l, — - — ). (33) 

From Lemma 14.41 and (|3ip - (|33|) we obtain (|14p . The proof of estimate (|15|) is very similar and , 
therefore, omitted. □ 
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